Abstract. The twistor transform of a parabolic geometry has two steps: lift up to a geometry of higher dimension, and then drop to a geometry of lower dimension. The first step is a functor, but the second requires some compatibility conditions. Local necessary conditions were uncovered by AndreasČap [17] . We uncover necessary and sufficient global conditions for complex parabolic geometries: rationality of curves defined by certain differential equations. We expose the triviality of twistor transforms of complex parabolic geometries. We apply the theorems to complex second and third order ordinary differential equations to determine whether their solutions are rational curves.
Introduction
All manifolds henceforth are assumed complex analytic, and all Lie groups, algebras, etc. are complex.
1.1. The problem. Parabolic geometries (defined later on) are geometric structures modelled on rational homogeneous varieties, i.e. quotients G/P where G is a connected semisimple Lie group and P ⊂ G is a parabolic subgroup. Example 1. A holomorphic conformal structure imposes a parabolic geometry, modelled on G/P the hyperquadric, where G = PO (n + 2, C) and P is the stabilizer of a null line in C n+2 , i.e. of a point of the hyperquadric (see Tanaka [113] ). The group G is the symmetry group of a unique conformal structure on G/P.
Each parabolic subgroup P of a connected semisimple Lie group G is determined, up to conjugacy, by the negative simple roots of G whose root spaces are not contained in the Lie algebra of P. We will draw the nodes of the Dynkin diagram corresponding to those simple roots with crosses (×), and all other roots with dots (•). The resulting diagram is called the Dynkin diagram of G/P. Example 2. A hyperquadric of dimension 2n − 1 is a rational homogeneous variety PO (2n + 1, C) /P, and has Dynkin diagram:
Conversely, any drawing of the vertices of a Dynkin diagram in crosses and dots picks out a choice of connected complex semisimple Lie group and connected parabolic subgroup, uniquely up to coverings. The quotient G/P is independent of the coverings, so we can uniquely specify G and P from the Dynkin diagram by asking G to be the adjoint form of the associated Lie algebra. Each Dynkin diagram marked with crosses and dots describes a category of parabolic geometries, and this category contains a distinguished object G/P, with arrows being local diffeomorphisms matching parabolic geometries.
If P − ⊂ P + ⊂ G are parabolic subgroups (so that the colouring of G/P − has more crosses), we can map G/P − → G/P + . So we can map from the model with more crossed roots to the model with fewer crossed roots, i.e. crosses make the model bigger. (We will stick with the notational convention P − ⊂ P + throughout this paper.) Example 3. The flag variety F (d 1 , d 2 , . . . , d p |P n ) is the space of all choices of projective linear subspaces P d1 ⊂ · · · ⊂ P dp ⊂ P n .
It is the rational homogeneous space
with n dots, where the dots are numbered 0, 1, . . . , n−1. For example, F 0, 2, 3, 4, 5|P
6 is a fiber bundle over F 3, 5|P 6 , with fiber F 0, 2|P 3 × P 1 :
/ / By analogy with the map G/P − → G/P + , we find a functor on the associated categories of parabolic geometries: if E → M is modelled on G → G/P + (so in particular, E → M is a P + -bundle), and P − ⊂ P + parabolic, we can imitate G/P − → G/P + by the bundles E/P − → E/P + = M, so that E → E/P − is a smooth bundle, and determines a parabolic geometry on E/P − modelled on G/P − . Moreover, E/P − → M is a P + /P − -bundle. Intuitively, we can add crosses to the Dynkin diagram, moving up, keeping all of the parabolic geometries we already had, and gain some new ones, so the category with more crosses is a bigger category too. As we do this, the manifolds get bigger in dimension, being bundles over the old manifolds. So the category gets bigger as we add more crosses, and the manifolds get bigger in dimension. At the bottom is the entirely dotted Dynkin diagram, corresponding to the model G/G, a point. As we add crosses, this point grows into the various G/P. At the top is the all crossed Dynkin diagram, corresponding to the model G/B where B is the Borel subgroup, i.e. the maximal solvable subgroup.
The problem: which parabolic geometries in a given category arise from a lower category (fewer crosses), i.e. characterize the image of the lifting functor? Another way to ask this: how do we characterize which geometries drop (turn crosses into dots)?
The solution.
Remark 1. We will provide applications of our results to differential equations in section 13 on page 28. For the remainder of this section, we will describe the main theorems.
Lifting first, and then dropping to some other category of parabolic geometries, is called a twistor correspondence (i.e. adding some crosses, and then taking some crosses away). The local conditions on curvature (computed byČap) required to drop are called twistor equations; they reproduce many famous examples of twistor theory [66] . Characterizing parabolic geometries which drop tells us when a global twistor correspondence is possible in complex parabolic geometries. Every parabolic geometry bears several families of curves called circles (to be defined later), determined by ordinary differential equations. Theorem 1. Take P − ⊂ P + parabolic subgroups of a semisimple group G, and consider the set of roots in the Dynkin diagram which are crosses for P − and dots for P + . A parabolic geometry modelled on G/P − is lifted from one modelled on G/P + just when the circles in the parabolic geometry which are associated to those roots are rational curves. Corollary 1. Consider two parabolic subgroups P, Q ⊂ G of a semisimple group. Let P ∪ Q ⊂ G be the parabolic subgroup generated by P ∪Q. A parabolic geometry modelled on G/P always lifts to one modelled on G/ (P ∩ Q) . It can only drop to one modelled on G/Q if it drops to one modelled on G/ P ∪ Q .
Remark 2. In a picture,
G/ (P ∩
y y r r r r r r r r r r G/ P ∪ Q , lifting up is easy, but you can only lift up from the left side and drop down to the right side if your geometry is lifted from the bottom.
Remark 3. This result proves that twistor correspondences in parabolic geometries are trivial, reducing to the obvious observation that we can lift up from the bottom either to the left side or to the right side of the picture with equal ease.
Remark 4. Lets say that a parabolic geometry is fundamental if it does not drop to a lower dimensional parabolic geometry. Clearly only fundamental geometries are of any interest, since nonfundamental geometries are more naturally studied directly on the lower dimensional manifold. By this theorem, each parabolic geometry has a unique lowest drop, with a model which we will call G/P nat , (the "natural model") so that the parabolic geometry drops from G/P to G/Q just if Q ⊂ P nat . Fundamental geometries bear no twistor correspondences. Remark 6. For example, Fano manifolds bear rational curves (see [88] ). More generally, any smooth projective variety must bear a rational curve if its canonical bundles is not nef (see [43, 75] ).
Remark 7. Hwang & Mok [69] proved this same theorem but only for M a uniruled smooth projective variety, with torsion-free parabolic geometry modelled on a cominiscule rational homogeneous variety.
Corollary 4. The only closed Kähler manifold which bears a holomorphic conformal geometry, and contains a rational curve, is the hyperquadric, and the only conformal geometry it bears is the usual flat one.
Remark 8. This strengthens the work of Belgun [6] , who proved that complex null geodesics cannot be rational except on conformally flat manifolds.
Corollary 5. Parabolic geometries on rationally connected varieties are isomorphic to their models.

Theorem 4. Every parabolic geometry on a rational homogeneous variety is isomorphic to its model.
Remark 9. Caution: there are biholomophic rational homogeneous varieties G 0 /P 0 = G 1 /P 1 for which G 0 and G 1 are not even locally isomorphic (see [111] ). So there are rational homogeneous varieties with more than one parabolic geometry, but these parabolic geometries must be isomorphic to their models.
Example 4. Smooth projective hypersurfaces of degree 1 and 2 are rational homogeneous varieties, and thus can only have parabolic geometries isomorphic to their models. Smooth cubic hypersurfaces of dimensions 2, 3 or 4 contain rational curves, so they cannot bear fundamental geometries. For instance, the cubic surface is the projective plane blown up at 6 points, and so is rationally connected, and therefore has no parabolic geometry. All closed curves admit parabolic geometries. The surfaces which admit projective connections are P 2 , torus quotients and ball quotients (see [83] ). They each admit flat projective connections. It is not known which projective connections they admit. The only parabolic geometries on surfaces are projective connections and × × geometries. Recent work of Druel and of Brunella, Vitório Pereira and Touzet [13] easily implies that any closed Kähler surface with × × geometry has universal cover a product of curves, effectively providing a classification. The classification of 3-folds admitting parabolic geometries is still open, although substantial progress has been made (see [74, 72] and theorem 20 on page 33).
Nonholonomic obstruction theory.
Remark 10. For the remainder of this section, we will consider only smooth projective varieties (because of restrictions arising from the use of Mori theory). It is very likely that all interesting examples of parabolic geometries on closed complex manifolds are found on smooth projective varieties. It is also very likely that the theorems proven below for smooth projective varieties are also true for closed Kähler manifolds, with obvious modifications. Definition 1. We will say that a rational homogeneous variety G/P is cominiscule if it has positive dimension and g/p is an irreducible P -module.
Remark 11. We will present the classification of cominiscule varieties on page on page 16.
Remark 12. We will define the torsion of a parabolic geometry below. We are confident that any interesting parabolic geometry will be torsion-free.
Theorem 5. Let G/P be a rational homogeneous variety which is not a product of cominiscule varieties. Any torsion-free parabolic geometry modelled on G/P on any smooth projective variety drops to a parabolic geometry modelled on a product of cominiscule varieties on a smooth projective variety of lower dimension. Remark 13. We conjecture that κM ≥ 0.
Cartan geometries
For the benefit of algebraic geometers, we review Cartan geometries. All results of this section hold equally well for real or complex manifolds and Lie groups. Definition 2. Let G 0 ⊂ G be a closed subgroup of a Lie group, with Lie algebras g 0 ⊂ g. A Cartan geometry modelled on G/G 0 is a choice of principal right G 0 -bundle E → M, and 1-form ω ∈ Ω 1 (E) ⊗ g called the Cartan connection, which satisifies the following conditions:
(1) Denote the right action of g ∈ G 0 on e ∈ E by r g e. The Cartan connection transforms in the adjoint representation:
T e E → g is a linear isomorphism at each point e ∈ E, (3) For each A ∈ g, define a vector field A on E by the equation A ω = A.
Then the vector fields A for A ∈ g 0 generate the right G 0 action:
. Remark 14. Let Aut G/G 0 be the group of Lie group automorphisms of G which leave G 0 invariant. Each automorphism, say a : G → G, determines a Lie algebra automorphism a : g → g. If ω is a Cartan connection on E → M, then so is ω ′ = a −1 ω, with the group action r ′ g = r a(g) . So Aut G/G 0 acts on the category of Cartan geometries modelled on G/G 0 .
2.1.
Curvature. The curvature form of a Cartan geometry is
The curvature form is semibasic, so can be written ∇ω = κω ∧ω, 
a translation invariant Cartan geometry on g/g 0 . Every translation invariant Cartan geometry on a vector space is isomorphic to this one for some choice of Π. For example, if g is semisimple then we can take Π to be the orthogonal complement to g 0 ⊂ g. Alternatively, if g 0 is reductive, we can take Π to be a complementary g 0 -invariant subspace to g 0 ⊂ g. This Cartan geometry is flat just when Π ⊂ g is an abelian subgroup. In particular, unless g is abelian or g 0 = g, we can always find a subspace Π ⊂ g for which the induced Cartan geometry is not flat. By translation invariance, this Cartan geometry induces a curved Cartan geometry on any torus or torus quotient of the required dimension.
Definition 3. The soldering form ω of a Cartan geometry is
Example 8. A translation invariant Cartan geometry as in example 7 is torsion-free just when [Π, Π] ⊂ g 0 .
Dropping.
Definition 4. If G − ⊂ G + ⊂ G are two closed subgroups of a semisimple Lie group G, and E → M is a Cartan geometry modelled on G/G + , then E → E/G − is a parabolic geometry modelled on G/G − (with the same Cartan connection as
Definition 5. The kernel K of a homogeneous space G/G 0 is the largest normal subgroup of G contained in G 0 :
As
Lemma 1 (Sharpe [107] ). Suppose that K is the kernel of G/G 0 , with Lie algebra k, and that E → M is a Cartan geometry modelled on G/G 0 , with Cartan connection Definition 10. Pick a Cartan geometry E → M modelled on G/G 0 . For each e ∈ E, the local apparent structure algebra at e is the set g app 0 (e) of A ∈ g for which κ(A, B) = 0, for all B ∈ g. The apparent structure algebra is
Lemma 2. Let E → M be a Cartan geometry modelled on G/G 0 . An element A ∈ g belongs to g app 0 (e) just when for any B ∈ g,
at the point e ∈ E.
Proof. We evaluate A ∧ B dω two ways. The first way:
The second:
just when κ(A, B) = 0; but also just when
Lemma 3. The apparent structure algebra is a Lie subalgebra of g containing the structure algebra.
Proof. The local apparent structure algebra is clearly a vector space, and contains the structure algebra g 0 , so we have only to show that it is closed under Lie bracket. For any A, B ∈ g app 0 (e), and any C ∈ g, Proof. Locally quotient by the g + -action.
2.6. The natural structure algebra.
Definition 11. Let E → M be a Cartan geometry modelled on G/G 0 , with apparent structure algebra g Proof. On each orbit of g + in E, the g + -action exponentiates to the action of a covering group of G + , extending the action of G − , so containing G − as a subgroup. The covering groups of G + are parameterized by the subgroups of π 1 (G + ) , and those which contain G − are parameterized by the subgroups of
It is not clear whether or not the action of G + turns E → E/G + into a principal G + -bundle; nonetheless we can see how the Cartan connection behaves. (1) , (2) Proof. Fix a G + -orbit in M. This orbit is a locally Klein geometry, so Γ\G + /G − , for some discrete subgroup Γ ⊂ G + . So all G + -orbits in M are copies of G + /G − . Therefore the action of G + on E is free. Because G + /G − is closed, the G + -action on M is proper, and therefore the G + -action on E is proper.
Lemma 5. Under the hypotheses of the previous proposition, conditions
Homogeneous vector bundles.
Definition 12. Given W any G 0 -module, let E × G0 W be the quotient of E × W by the right G 0 -action (e, w)g = eg, g −1 w .
G × G0 W is called a homogeneous vector bundle. We will say that E × G0 W is modelled on G × G0 W. Sections of E × G0 W are identified with G 0 -equivariant functions E → W. We will say that W solders E × G0 W.
Example 9. The curvature lives in the vector bundle E × G0 W where
Lemma 6 (Sharpe [107] ). Suppose that E → M is a Cartan geometry modelled on G/G 0 . The tangent bundle is
Proof. At each point e ∈ E, the 1-form ω e : T e E → g is a linear isomorphism, taking ker π
by the first isomorphism, and a sectionv f of π * T M by the second. Calculate thatv f is G 0 -invariant just when f is G 0 -equivariant, i.e. just when
This makes an isomorphism of sheaves between the local sections of the tangent bundle T M and the local sections of E × G0 (g/g 0 ) .
Remark 19 (Griffiths [58] p. 133). If W is a G-module, not just a G 0 -module, then we can define global sections by
for any fixed w ∈ W, trivializing the bundle
This map is G 0 -invariant, so trivializes the bundle V. It is not G-invariant, but rather G-equivariant.
. Assume without loss of generality that W = W 0 and φ(1) = 1. Then clearly φ extends ρ from G 0 to G.
2.9.
Development. I could not find a discussion of development in the literature suitable for my purposes. The following applies to both real and complex manifolds. Suppose that E 0 → M 0 and E 1 → M 1 are two Cartan geometries modelled on the same homogeneous space G/G 0 , with Cartan connections ω 0 and ω 1 .
Development is an equivalence relation.
Lemma 8.
Suppose that E 0 → M 0 and E 1 → M 1 are Cartan geometries modelled on G/G 0 , and that E 1 → M 1 is complete. Pick points e 0 ∈ E 0 and e 1 ∈ E 1 in the fibers above points m 0 ∈ M 0 and m 1 ∈ M 1 . Let C be a simply connected curve, and c ∈ C a point. Any map φ 0 :
Remark 20. The curve mentioned could be a real curve, or (if the manifolds and Cartan geometries are complex analytic) a complex curve.
Remark 21. The only complete complex parabolic geometries are the standard flat parabolic geometries on complex rational homogeneous varieties (see McKay [96] ), greatly limiting the utility of development in this context.
Remark 22. Following Cartan's method of the moving frame, we will call the points e 0 and e 1 the frames of the development. We obtain the same development if we replace the frames by e 0 g 0 and e 1 g 0 , for any g 0 ∈ G 0 .
Proof. If X t is any smooth time-varying vector field on E 1 , for which X t ω is bounded, we can uniformly approximate A t = X t ω with a piecewise constant function A ε t , and define
is foliated by maximal connected leaves of that system. The orbits of the identity component of G 0 are tangent to the leaves, while G 0 permutes leaves. Therefore the G 0 -orbit of any maximal leaf is a union of maximal connected leaves, at most one for each component of G 0 . If Λ is the G 0 -orbit of a leaf, then Λ maps to E 1 by a G 0 -equivariant immersion, and to φ * 0 E 0 by a G 0 -equivariant local diffeomorphism. Lets see why Λ → φ * 0 E 0 is a diffeomorphism. For each smooth vector field X 0 on φ * 0 E 0 , construct a vector field X on φ * 0 E 0 × E 1 by requiring that X ω 0 = X ω 1 = X 0 ω 0 . If X 0 ω 0 is bounded, we say that X 0 is bounded. If X 0 is complete and bounded, then X is complete. By construction X is tangent to every leaf. We can travel around any maximal connected leaf on the flows of such X vector fields. It is not difficult (see [94] ) to prove that Λ → φ * E 0 is a covering map, since each complete bounded vector field X 0 is covered by a complete vector field X under
is a smooth principal G 0 -bundle, and that Λ/G 0 → C is a covering map.
Corollary 7. A complex manifold which admits a holomorphic affine connection contains no rational curves.
Proof. Such curves would develop to rational curves in the model, which is affine space.
Lemma 9.
Suppose that E 0 → M 0 and E 1 → M 1 are Cartan geometries modelled on G/G 0 , and that
Proof. This is just the identification of φ * 0 E and φ * 1 E 1 .
Rational homogeneous varieties
3.1. Lie algebras. Knapp [76] proves all of the results we will use on Lie algebras; we give some definitions only to fix notation.
Given a semisimple Lie group G, write g for its Lie algebra, h ⊂ g for a Cartan subalgebra, g α for the root space of a root α. For every nonzero root α, the line through 0 and α contains precisely one other nonzero root, −α, and the root spaces g α , g −α bracket together to generate a copy of sl (2, C) ⊂ g, which we will call sl (2, C) α ; this sl (2, C) α splits into 1-dimensional subspaces as:
Moreover,
Pick a basis of simple roots. Let b be the associated Borel subalgebra
3.2. Parabolic subgroups. 3.3. Langlands decomposition. Each parabolic subgroup P ⊂ G of a semisimple Lie group has a Langlands decomposition (see Knapp [76] ) P = LAN, where L is semisimple, A is abelian, and N is unipotent. The map L × A × N → P is a biholomorphism, and N ⊂ P is a normal subgroup. The Langlands decomposition arises as follows: write g = g α . A root α is called a root of P if g α ⊂ p. A P -root α is one-sided if −α is not a P -root, and otherwise two-sided. Let l be the Lie algebra generated (not necessarily spanned) by the root spaces of the two-sided P -roots, and n (the nilradical ) be the Lie algebra generated (in fact spanned) by the root spaces of the positive one-sided P -roots. Let a ⊂ h be the elements of the Cartan which commute with all elements of l. Then the connected Lie subgroups of P, say L, A, N, with Lie algebras l, a, n provide the Langlands decomposition.
The Cartan [Borel] subalgebra for l is just h ∩ l [b ∩ l], and therefore l intersects parabolic subalgebras of g in parabolic subalgebras of l. If we let n − be the Lie algebra generated (in fact spanned) by the root spaces of the negatives of the onesided roots, we obtain the decomposition
Clearly the roots of l are just those roots of g lying in l. Thus the Dynkin diagram of L is given by cutting out the crosses from the Dynkin diagram of P.
For example, in figure 3(a) on page 17, we see the roots of the parabolic subgroup P of P SL (3, C) which preserve a point of P 2 . The space l is generated by the root spaces for the two-sided roots, those on the vertical axis, hence l = sl (2, C) . The space a is the 1-dimensional subspace corresponding to the other root at the origin, and n has roots drawn in figure 3(c).
Lemma 10. Let P − ⊂ P + ⊂ G be parabolic subgroups. Every element of P + lies in a P + -conjugacy class of an element of P − .
Proof. Write Langlands decompositions
Every element of L + is conjugate to an element of the Cartan subgroup of L + , which is the Cartan subgroup of L − A − ; clearly N + ⊂ N − and A + ⊂ A − .
Corollary 8. Every element of P + acts on P + /P − with a fixed point.
Lemma 11 (Tits [116] , Baston & Eastwood [4] ). Suppose that P − ⊂ P + ⊂ G are parabolic subgroups of a semisimple Lie group G. Under Langlands decompositions
Lemma 12. Take a rational homogeneous variety G/P. The subgroup P cannot fix any nonzero vector in g/p.
Proof. If a line is fixed in g/p by P, then in g the preimage of that fixed line in g/p is a subspace, say p + ⊂ g, so that [p, p + ] ⊂ p. Clearly p + is spanned by p and one other vector, and so is a Lie subalgebra, and clearly parabolic. The associated parabolic subgroup P + will have normal subgroup P ⊂ P + . Therefore the quotient P + /P is a one-dimensional Lie group. But such a quotient is a rational homogeneous variety, so must be a rational curve, and thus not a Lie group.
3.4.
Homogeneous vector bundles on a line. Let B ⊂ SL (2, C) be the Borel subgroup of upper triangular matrices. A homogeneous vector bundle V on P 1 is then obtained from each B-module W by V = SL (2, C) × B W. This homogeneous vector bundle is SL (2, C)-equivariantly trivial just when W is an SL (2, C)-module. In particular, the bundle O (−1) → P 1 is given by taking the B-module
We will also call this B-module O (d) . Take A ⊂ B the subgroup of diagonal matrices (which is a maximal reductive subgroup). We call a B-module W elementary if W is completely reducible as an A-module. • × • Figure 1 . Computing the pull back of T P 2 to a line in the projective plane.
Some notation: let P ⊂ G be a parabolic subgroup of a semisimple Lie group, with Lie algebras p ⊂ g, and α a root of g and not a root of p. As usual, write sl (2, C) α for the copy of sl (2, C) inside g containing g α , and SL (2, C) α → G for a Lie group morphism inducing the Lie algebra inclusion sl (2, C) α → g, and let B α ⊂ SL (2, C) α be the Borel subgroup whose Lie algebra contains g −α . Let P 
Example 10. Look at figure 1, where P 1 α is a line in the projective plane, taking α to be the uppermost of the two crossed roots. The ambient tangent bundle is T P
. The three strings compute out (from top to bottom): 0 copies of O (2) , 1 copy of O (2) , and 1 copy of O (1) . In general, each string gives (number of crosses) copies of (number of dots) degree.
3.5. The cominiscule varieties. The classification of cominiscule varieties is in figure 2 on the next page, with the following notation: let Gr k, C n+1 be the Grassmannian of k-planes in C n+1 , Q 2n−2 = Gr null 1, C 2n is the 2n−2-dimensional smooth hyperquadric, i.e. the variety of null lines in C 2n , Q 2n−1 = Gr null 1, C 2n+1 is the 2n − 1-dimensional hyperquadric, i.e. the variety of null lines in C 2n+1 , S + C 2n is one component of the variety of maximal dimension null subspaces of C 2n and S − C 2n the other, OP 2 (C) is the complexified octave projective plane (see Baez [2, 3] ), OP 2 (C) × its dual plane, and Gr Ω O 3 , O 6 ⊂ P 55 is the space of null octave 3-planes in octave 6-space (see Landsberg & Manivel [90] ). A parabolic geometry is a Cartan geometry modelled on a rational homogeneous variety.
Example 11. If G is a semisimple group in the adjoint form, G/P is a flat reduced parabolic geometry. Thus all parabolic geometries are reduced.
Example 12. Returning to example 7 on page 7, we see that every complex torus of the same dimension as G/P has a parabolic geometry modelled on G/P . Moreover, if we can isolate an abelian subalgebra Π ⊂ g transverse to p, then we can construct a flat parabolic geometry on our torus. Consider the subalgebra n − spanned by the root spaces g α which do not lie in p. This subalgebra is clearly nilpotent. If n − is an irreducible P -module, then G/P is cominiscule. More generally, if n − is abelian, then G/P is a product of cominiscule varieties. In this case, we can clearly let Π = n − . Moreover, the induced Cartan geometry is precisely the flat one induced on the open Schubert cell in G/P. We can also deform this flat parabolic geometry into a curved n − invariant geometry, as described in example 8 on page 7. Therefore every product of cominiscule varieties is the model for flat and nonflat parabolic geometries on tori. Many of these are torsion-free: just take Π the graph of a linear map n − → p.
Theorem 12. Let G/P − → G/P + be rational homogeneous varieties. A parabolic geometry modelled on G/P − drops to one modelled on G/P + just when its natural structure algebra contains the Lie algebra of P + .
Proof. Theorem 10 on page 10 and lemma 10 on page 14. Proof. The only rational homogeneous variety which is a curve is a rational curve, hence simply connected. Any Cartan geometry on a curve is flat, because its curvature is a semibasic 2-form.
Rational circles
Definition 16. For E → M a parabolic geometry with model G/P, and α a root of G, an α-circle is a maximal integral curve C of the foliation ω = 0 mod sl (2, C) α on E/B α , where B α ⊂ P is the Borel subgroup of sl (2, C) α . In [96] I argued that this use of the term circle is largely consistent with the literature.
Theorem 13. Let E → M be a parabolic geometry modelled on G/P. The natural structure group P nat ⊂ G is the parabolic subgroup whose Lie algebra p nat is the sum of root spaces
of the roots α whose α-circles are rational curves.
Remark 24. Circles are by definition the solutions of a system of ordinary differential equations. Thus we have reduced the problem of dropping to the study of trajectories of certain continuous dynamical systems.
Proof. If α is a root of p nat , then the α-circles lie inside the fibers of E/P → E/P nat . These fibers are isomorphic to P nat /P, so the α-circles are rational curves (orbits of SL (2, C) α ⊂ P nat ). Conversely, suppose that the α-circles are rational curves, for some negative root α which is not a root of p. The induced Cartan geometry on any α-circle C is isomorphic to the model by theorem 8 on page 8. Let φ : SL (2, C) α → G be the Lie group morphism associated the the Lie algebra morphism sl (2, C) α ⊂ g. Thus we identify
the vector field A arising from the induced Cartan geometry on SL (2, C) α for A ∈ sl (2, C) α is identified with the vector field with the same name on E. Clearly it is complete on SL (2, C) α . Moreover, E is foliated by copies of SL (2, C) α on which each A is complete, and therefore A is complete on E.
We still have to check the equation κ(A, B) = 0 for all A ∈ sl (2, C) α and B ∈ g. Recall that α is a negative root and not a root of p; −α is a positive root, so a root of p. The curvature κ lies in the curvature bundle
Consider the map
given by obvious maps g → g, (g/p) * → g * and by taking the inclusion sl (2, C) α /b α → g/p, and transposing to get (g/p)
* → (sl (2, C) α /b α ) * . By corollary 9 on page 15, we see that the associated vector bundle on any α-circle C is
a sum of line bundles of negative degrees, so has no nonzero global sections. Our κ belongs to this bundle, so vanishes. Therefore κ(A, B) = 0 for A ∈ g α = sl (2, C) α /b α and for B ∈ g, so α is a root of p nat .
Theorem 1 on page 4 follows.
Lemma 13. Suppose that E → M is a parabolic geometry modelled on G/P.
Suppose that α is not a root of p and the α-circles in M are rational curves. Write α = − A j α j , where α j are the positive simple roots, and A j ≥ 0 are integers. If
Proof. The root α must be negative, because it is not a root of p. Following Serre [106] p. 32, we can write α = − (α i1 + · · · + α iN ) where the partial sums − α i1 + · · · + α ij are also negative roots. But α is a root of p nat , as are the α iN , so therefore α + α iN is too. Inductively, all of the partial sums are roots of p nat . Moreover the positive partial sums α i1 + · · ·+ α ij−1 are positive roots, and therefore −α ij is a root of p nat .
Remark 25. Thus we need only check the rationality of circles associated to a small collection of roots, in order to conclude rationality of many other circles associated to many other roots, and dot certain crosses α j in the Dynkin diagram.
Corollary 12. If the circles of a lowest root are rational, then the parabolic geometry drops, removing an entire component of the Dynkin diagram.
Corollary 13. Suppose that E → M is a parabolic geometry modelled on G/P, and α a root of g. Suppose that α is not a root of p, and that all simple roots are at least at a right angle to α. The rationality of all α-circles dots an entire component of the Dynkin diagram, (i.e. the parabolic geometry drops to a parabolic geometry with a crossless component in the Dynkin diagram of its model.) But a crossless component represents a point, so we can remove it.
Proof. The root α can be written as α = − A j α j where the α j are some simple roots, and A j > 0 are uniquely determined integers. Any two distinct simple roots must be at least a right angle from one another. Consider the simple roots β which are not roots of p. Suppose that β is not one of the α j . The simple roots α j must therefore be at least a right angle from β. Picturing the orthogonal complement of β, we see that all of the α j lie on the opposite side of that orthogonal complement, or on it. Since α is a positive combination of −α j , α will also be at least a right angle from −β, and more than a right angle as long as any of the −α j are. By hypothesis, α is precisely a right angle from −β, and all −α j are as well. In the Dynkin diagram for G/P, the α j and β are the crossed roots. This β is perpendicular to the α j , so β is not connected to any of the α j in the Dynkin diagram. Therefore every cross next to α j in the Dynkin diagram is also one of the α i , i.e. the entire connected component of this α j gets dotted.
Remark 26. This suggests the importance of characterizing the image of the functor given by taking disjoint union of Dynkin diagrams.
Developing rational curves
Definition 17. An immersed rational curve C ⊂ M in a complex manifold is called
Remark 27. The definition is motivated by work of Mori [98] (also see Hwang & Mok [69] , Hwang [67] ). Remark 29. Any rational curve φ : P 1 → M in a complex manifold M has ambient tangent bundle
⊕pj a sum of line bundles of various degrees d j . A rational curve is free just when none of the degrees are negative.
We now prove theorem 2 on page 4.
Proof. Letφ : C → G/G 0 be a development.
The tangent bundle of G/G 0 is spanned by its global sections.
We now prove corollary 3 on page 4.
Proof. Given a complex submanifold X of a complex manifold M, the blow-up B X M is a complex manifold with map π : B X M → M, biholomorphic over M \X, and with stalk over a point x ∈ X given by B X M x = P (ν x X) , where ν x X = T x M/T x X is the normal bundle. For ℓ ∈ P (ν x X) , if we write π x :
Pick a point x ∈ X, a 2-plane P ⊂ ν x X, and a linear splitting
So there is a rational curve on which the ambient tangent bundle contains a negative line bundle.
We now prove corollary 2 on page 4.
Proof. In a complex manifold with Cartan geometry, rational curves are free. But the ambient tangent bundle will then pull back to a sum of nonnegative line bundles, at least one of which (the tangent line of the rational curve itself) is positive. So the determinant of the ambient tangent bundle will restrict to a positive line bundle, and therefore K M = Λ top (T * M ) will restrict to a negative line bundle. Hence all positive tensor powers of K M will restrict to negative line bundles.
Bend-and-break
Definition 19. We will say that a rational curve in a complex manifold is unbreakable if its deformations are all smooth, and the space of deformations is parameterized by a closed manifold.
Lemma 14. Let M be a closed Kähler manifold containing a rational curve and bearing a Cartan geometry. Then through every point of M there passes an unbreakable rational curve.
Proof. Take φ : C → M a rational curve of minimal positive degree, so C cannot be deformed into a reducible curve. By Gromov's compactness theorem, every sequence of rational curves has a convergent subsequence, possibly converging to a reducible curve consisting of finitely many rational curves. The subsequence must converge to an irreducible curve, so the space of deformations is compact in the Gromov-Hausdorff metric. By minimality of degree, the space of deformations of C is everywhere a smooth complex manifold. Therefore the space of deformations of C is a closed complex manifold. By freedom, we can move C around to pass through any point we choose. Remark 30. We can write Y = Y (m, φ 0 ) andY = Y G 0 ,φ 0 . In lemma 15, the developmentφ depends not only on the choice of the point m and the curve φ, but also of the frames we choose in φ * E and in G to carry out development. We will always pick 1 ∈ G as a frame, but in φ * E there is no natural choice of frame. Proof. By construction, the curvesφ t , all pass through P ∈ G/P, since we fixed the choice of frame on G/P. Thus all of theφ t are deformations ofφ 0 , and so all are elements ofY = Y 1,φ 0 . Hence all of theY spaces are just the same space. Each is identified by biholomorphism with Y (m t , φ t ) .
Lemma 15. Let M be a closed Kähler manifold containing a rational curve and bearing a Cartan geometry. Fix a point m ∈ M, and an unbreakable rational curve
Apparent structure algebras
Definition 20. Consider a parabolic geometry π : E → M modelled on G/P. Pick a point m ∈ M and a point e ∈ E m . Then ω e : T e E → g and ω e : ker π ′ (e) → p are isomorphisms. Define an isomorphism ω e : T m M = T e E/ ker π ′ (e) → g/p.
Lemma 18. Suppose that M is a closed Kähler manifold bearing a parabolic geometry with model G/P.
On any standard rational curve φ : Proof. Consider the curvature κ, a section of the curvature bundle
On G/P, the bundle G × P g is trivial, because g is a G-module. Therefore on the developmentφ, the bundleφ * G × P g is trivial. By development, the isomorphic bundle φ * E × P g is also trivial. The ambient tangent bundle is
Therefore the pullback curvature bundle is
Clearly the positive degree subbundle directions must be null for the curvature, since they contribute negative degrees to the curvature.
Corollary 14. Suppose that M is a connected closed Kähler manifold containing a standard rational curve. Then every parabolic geometry on M drops locally to a parabolic geometry with a lower dimensional model.
Proof. We need only show that p app = p, i.e. that p app (e)/p contains some vector independent of e. We know that p app (e)/p contains the positive degree subspace of any standard rational curve C ⊂ M. Consider the deformation space Y of all deformations of C passing through the given point m. All of these curves contribute their positive degree subbundles. The result is a subspace V ⊂ g/p. This V is identified under development with the subspace spanned by the fibers at P of the positive degree subbundles of all deformations of the developmentČ ⊂ G/P passing through P. By lemma 17 on the facing page, V is independent of e ∈ E.
9. Snakes 9.1. Defining snakes.
Definition 21. Let φ 0 : P 1 → M be an unbreakable rational curve in a complex manifold. A snake modelled on φ 0 is a connected closed curve, φ : P 1 ⊔P 1 · · ·⊔P 1 → M whose components are each deformations of φ 0 , with choice of a pair of points a i , b i on each component, so that φ (b i ) = φ (a i+1 ) . We will call a 1 the head, and b p the tail. Let Z p be the set of p-component snakes. Proof. We can perturb the marked points on the first component, which might break the snake up into disconnected pieces. Then we grab the next component, and slide it over (by freedom of unbreakable curves) to touch the first component, etc., until a small perturbation has moved apart the points on every component. Therefore regular snakes are dense, and clearly Zariski open. The ambient tangent bundle on each component is
⊕q , a holomorphic vector bundle which is invariant under biholomorphism of P 1 . The biholomorphism group of P 1 is two-point transitive. Therefore the rank of the equations in Z 2p cutting out Z p is constant on the regular snakes.
Definition 23. Let φ 0 : P 1 → M be an unbreakable rational curve in a complex manifold. Take any point m ∈ M, and let Z p (m) be the set of snakes modelled on φ 0 with tail at m. Let R p (m) be the set of heads of snakes in Z p (m) (the reachable set from m), and let
The radius of M (with respect to φ 0 ) is the smallest integer p so that for every point m we find R (m) = R p (m Proof. The reachable sets R p (m) are holomorphic images of closed analytic subvarieties Z p ⊂ Z 2p , so are closed analytic subvarieties of M . Indeed they are the images in M of the level sets of the tail map, under the head map. By density of the regular snakes, all rank calculations are independent of choice of the point m.
In particular, the dimension of R p (m) is independent of the point m. Since the head map is surjective, the reachable sets locally foliate M near any regular snake. Suppose that we take p large enough that the reachable sets all attain maximal dimension. If there is a deformation of φ 0 that passes through a smooth point of some reachable set R p (m), and is not tangent to R p (m), then R p+1 (m) will have larger dimension than R p (m). Therefore all snakes must be tangent to all reachable sets R p (m) for the given value of p. Because these sets foliate M near a regular snake, all snakes passing the head of a regular snake must lie entirely inside one of these reachable sets. For a snake passing through a singular point of a reachable set, we can perturb the snake slightly to a smooth point of the reachable set. Consequently R p+1 (m) = R p (m) for every point m.
Snakes in a parabolic geometry.
Definition 24. If M is a complex manifold bearing a parabolic geometry modelled on G/P , and φ 0 : P 1 → M is an unbreakable curve, then the development of a snake into G/P is defined by mapping the tail to P ∈ G/P, and developing one component at a time to produce a snake in G/P.
Lemma 22. Suppose that M is a complex manifold bearing a parabolic geometry modelled on G/P − , and containing an unbreakable rational curve φ 0 : P 1 → M. Leť φ 0 : P 1 → G/P − be the development of φ 0 . The reachable set is R (P − ) = P + /P − where P + ⊂ P app is a parabolic subgroup containing P − .
Proof. By G-invariance of the deformation class of the unbreakable curve (since G is connected), the tangent cones of the reachable sets R (gP − ) are all identified by G-action. Hence R (gP − ) is a smooth subvariety, with tangent spaces all lying in the same G-orbit. In particular, the tangent space at P − must be a P − -invariant subspace of g/p − , which we can write as p + /p − , for p + a P − -invariant subspace of g containing p − . We need to see why p + is a Lie subalgebra. Clearly the preimage P + of R (P − ) in G is an integral manifold of the exterior differential system
The Maurer-Cartan equation
ensures that P + is a subgroup with Lie algebra p + . All unbreakable curves through P − are tangent to P app /P − . If we take the smallest subalgebra q ⊂ g containing p − and for which q/p − contains the tangent lines of the unbreakable curves through P − , then all unbreakable curves through P − must be contained in Q/P − , by G-invariance of the family of unbreakable curves. Therefore P + = Q ⊂ P app .
Lemma 23. Suppose that M is a closed Kähler manifold containing an unbreakable rational curve C. Suppose that M bears a parabolic geometry modelled on G/P − . Then for each point m ∈ M, there is a parabolic subgroup P + ⊂ G and a holomorphic injection P + /P − → M whose image passes through m, and whose tangent spaces are curvature null. In particular, rational circles in P + /P − are rational circles in M . The dimension of P + /P − is at least as large as the rank of the positive degree subbundle of the unbreakable curve.
Proof. Define P + as in the previous lemma: the reachable set of snakes built from the development of C. The exterior differential system ω = 0 mod p + drops to M and is holonomic because p + ⊂ p app . Take Λ ⊂ M the maximal integral manifold through m ∈ M. LetΛ be the universal covering of Λ. Each snake with tail at m lives entirely inside Λ, and is simply connected, so lifts toΛ. Moreover, each snake develops to a snake in the model, with tail at P − ∈ G/P − . So the space of snakes Z p (m) with tail at m maps to P + /P − , and maps onto if p is large enough. The same space of snakes, for large enough p, maps locally onto Λ, because under development Λ is locally identified with P + /P − all the way along each snake. By compactness of Z p (m), the map Z p (m) → Λ is also onto. Therefore Λ is compact. The lifted map Z p (m) →Λ is locally onto. By compactness of Z p (m), the lifted map is onto. ThereforeΛ is closed, and soΛ → P + /P − is a local diffeomorphism, and onto. Being a rational homogeneous variety, P + /P − is simply connected, sõ Λ = P + /P − .
We now prove theorem 3 on page 5.
Proof. Combine theorem 10 on page 10 with lemma 16 and lemma 23.
Remark 31. If M is a closed Kähler manifold bearing a rational curve and a parabolic geometry, then the MRC-fibration of M (see Kollár, Miyaoka and Mori [87] ) must be a smooth fiber bundle, with rational homogeneous fibers, taking M to an underlying parabolic geometry from which M is canonically constructed.
Example 13 (Projective connections). The only connected closed Kähler manifold bearing a projective connection and containing a rational curve is P n , and the only projective connection it bears is the standard flat one. This generalizes the results of Jahnke and Radloff [74] . (They require that the projective connection be torsion-free.)
We now prove theorem 4 on page 5.
Proof. There are rational curves (the various P 1 α ) pointing in a set of directions which span the tangent space. So even after dropping, some of those rational curves project to rational curves, unless we drop to a point.
There are numerous techniques to find rigid rational curves (to obstruct parabolic geometries); see Kollár and Mori [88] . Proof. Every curve in G/P − admits a deformation fixing a point: just translate the curve to pass through P − ∈ G/P − , and employ a 1-parameter subgroup of P − . Lemma 12 on page 14 ensures that this deformation is not trivial.
Start with our curve C ⊂ M, and develop it into a curveČ ⊂ G/P − . The infinitesimal motion ofČ fixing the given point induces an infinitesimal motion of C fixing the corresponding point, via the isomorphism T M | C = T (G/P − )|Č . Because the right hand side is a vector bundle spanned by its global sections, it has trivial first cohomology, so the deformation theory is unobstructed. Moreover, the deformation theory fixing a point is also unobstructed. By bend-and-break I ( [88] p. 9), there is a rational curve in M.
Remark 32. Note that we didn't need to use positive characteristic methods. Mori employs positive characteristic methods only to obtain an infinitesimal deformation fixing a point, but we already have one. Nevertheless, we can't justify this theorem for closed Kähler manifolds, because the bend-and-break proof requires that the inclusion C → M extend to a map D×C → M, for some proper positive dimensional variety D, giving a deformation of C fixing a point. Kollár and Mori [88] p. 10 give an example to show that deformations of a curve on a closed Kähler manifold fixing a point might not be even locally isomorphic to a deformation given by such a map.
Remark 33. The previous theorem is important because it signals the end of development of closed curves as a tool in the study of complex parabolic geometries. Henceforth research will necessarily focus on geometries that are not lifted from lower dimension. This theorem tells us not to expect any closed curves to develop to the model from any of these geometries.
Nonholonomic obstruction theory
Definition 25. Take p ⊂ g a parabolic subalgebra of a semisimple Lie algebra. The canonical filtration of g/p is given by saying that an element A of g/p has degree 1 if ad n A = 0, and has degree s + 1 if ad n A has degree s Definition 26. Suppose that P ⊂ G is a parabolic subgroup of a semisimple Lie group, with Lie algebras p ⊂ g. It is easy to see that the elements of next-tohighest degree in g/p form an invariant plane field on G/P, which we will call the penultimate plane field. Proof. The left invariant vector fields on G which span the root spaces at penultimate degree bracket to ultimate degree. Moreover, every root of ultimate degree can be expressed as such a bracket, unless there is only one degree. We can already see this directly in all root systems of rank 2, and then for any higher root system the result follows from the fact that every element in a higher degree root system lies inside a rank 2 subsystem.
Remark 34. Any G-invariant plane field will give a P -invariant plane on g/p. Looking at the action of the Cartan subgroup on the root spaces, we see that the plane must be a sum of root spaces. Such a plane can be used below instead of the penultimate plane field, as long as it is nonholonomic, i.e. not a sum of tangent spaces of cominiscule factors. Proof. If Π has rank k, and M has dimension n, then let Proof. Torsion-freedom ensures agreement to first order of the parabolic geometry with the model, so that the nonholonomic plane field on the model yields a nonholonomic plane field on our manifold.
Definition 29. A rational homogeneous variety G/P is anticominiscule if there is no cominiscule variety G/P + with P ⊂ P + ⊂ G.
The anticominiscule varieties are listed in figure 4 on the following page.
Corollary 16. Any parabolic geometry on a smooth projective variety drops until all anticominiscule components of its model have disappeared.
Automorphism groups
We prove theorem 6 on page 6. Figure 4 . The anticominiscule varieties. The ♦ symbolizes that whether we can choose × or •, the variety will be anticominiscule.
Proof. Clearly we can drop until our parabolic geometry is fundamental, and then it contains no rational curves. We can then reconstruct our original manifold M as a lift of some Ḡ /P ×M, withM a closed Kähler manifold containing no rational curves. Obviously the automorphisms of the lift are just precisely those of the base, so Aut M =Ḡ × AutM . Finally, the automorphisms of any smooth projective variety which is not uniruled form an abelian variety and satisfy
where κM is the Kodaira dimension ofM (see [68] p. 6 and [104] ).
Applications
2
nd order ODEs. Recall that a path geometry is a geometric description of a system of 2nd order ordinary differential equations, i.e. a choice of 2 foliations on a manifold M 2n+1 , the first by curves, called integral curves, and the second by submanifolds of dimension n, called stalks, so that near any point there are local coordinates x, y,ẏ, with x ∈ C, y,ẏ ∈ C n+1 , and functions f (x, y,ẏ) for which the integral curves are the solutions of dy =ẏ dx, dẏ = f dx, while the stalks are the solutions of dx = dy = 0. As we have explained above, Tanaka [113] proved that a path geometry on a manifold M induces a parabolic geometry E → M modelled on the flag variety F 0, 1|P n+1 . Moreover, the integral curves of the model are the fibers of the diagram
while the stalks of the model are the fibers of the diagram
Rationality of these circles is equivalent to dropping down these diagrams. Consider a system of 2nd order ordinary differential equations
Let M be the "phase space" of these equations, i.e. a complex manifold with path geometry locally given by this system in some open set. If M is a 3-fold (i.e. y ∈ C), then define the Tresse torsion of this particular coordinate chart to be
If y ∈ C n for some n > 1, i.e. M is a (2n + 1)-fold for some n > 1, then define the Fels torsion of this coordinate chart to be . In that paper, we showed that the class of second order ordinary differential equations with vanishing Tresse or Fels torsion includes all of the classical ordinary differential equations of mathematical physics which were discovered before the work of Painlevé. Identification of the Tresse-Fels torsion with the relevant circle torsion is a calculation from the structure equations of Fels [53] . This calculation involves a change of coframing to reach the parabolic coframing of Tanaka [113] , which is not Fels' coframing.
Proof. Each stalk bears a normal projective connection (which we see from the diagram), flat just when the second order equation comes from a normal projective connection (see Hitchin [66] ). A projective connection on a connected closed Kähler manifold is isomorphic to its model just when the manifold contains a rational curve. The rest follows from the theorems above.
Theorem 16. Every path geometry on a smooth projective variety drops to either a Grassmann geometry or to a projective connection. The only smooth projective 3-folds bearing a path geometry are the projectivized tangent bundles of Remark 36. This is the first global theorem on the algebraic geometry of the phase space of a nonlinear 2nd order ODE.
Proof. The model is not cominiscule. The parabolic geometry constructed by Tanaka [113] is torsion-free. Therefore the geometry must drop to a projective connection on a surface. The surfaces which bear projective connections have been classified [83] .
3
rd order ODEs. Sato & Yoshikawa have shown that, similarly to the results above on second order systems of ordinary differential equations, every third order ordinary differential equation for one function of one variable, say Figure 5 . The root spaces of the Borel subalgebra of B 2 .
determines a parabolic geometry on the manifold M 4 whose coordinates are x, y, p, q, equipped with the exterior differential system dy = p dx, dp = q dx, dq = f (x, y, p, q) dx.
The parabolic geometry is modelled on Sp (4, C) /B = C 2 /B = B 2 /B = SO (5, C) /B, B the Borel subgroup, drawn in figure 5 . Lets refer to a parabolic geometry with this model which arises locally from a 3rd order ordinary differential equation as a 3rd order ODE geometry. The Dynkin diagram is × > × . The fibers in the model of the bundle map
give the e 3 -circles (in the terminology of Sato & Yoshikawa) while those of
give the integral curves (which Sato & Yoshikawa call e 4 -circles). Remark 38. This is the first global theorem on the geometry of the phase space of nonlinear 3rd order ODEs.
Example 14. Hyperbolas in the plane are the solutions (along with some degenerate conics) of the differential equation
The Chern invariant vanishes. Therefore the phase space of the problem can be extended along each hyperbola, so that the equation (perhaps in new coordinates) remains smooth, and the hyperbola closes up to a rational curve. (The obvious idea of treating x and y as an affine chart on the projective plane doesn't allow the equation to remain smooth across the hyperplane at infinity.) Example 15. Circles in the plane are the solutions (along with some degenerate conics) of the differential equation
The Chern invariant vanishes and the same remarks apply. Proof. All of the cases except the last are due to Kobayashi and Ochiai [83] or Jahnke and Radloff [74, 72] . The classification of 3-dimensional rational homogeneous varieties follows immediately from the classification of simple Lie groups in low dimensions. Figure 6 . The parabolic subgroup P 1 ⊂ G 2 13.4. Disconnected Dynkin diagrams. If a Dynkin diagram has more than one component, then the tangent bundle of any parabolic geometry with that model splits into a sum of corresponding vector bundles. There is a great deal known about closed Kähler manifolds with split tangent bundle (see [13] ).
Definition 30. Lets say that a splitting of the tangent bundle is ordinary if some covering space is a product, with the pulled back subbundles of the splitting identified with the tangent bundles of the factors.
Beauville conjectured that a splitting of the tangent bundle of a closed Kähler manifold is ordinary just when the summands of the splitting are holonomic (i.e. closed under Lie bracket). This conjecture is so far confirmed [13] only if there are precisely two summands, one of which is a line bundle. Remark 40. It is still unclear if, for example, geometries modelled on × × • on closed smooth projective 3-folds must be locally products of parabolic geometries modelled on × and × • .
13.5. Nondegenerate 2-plane fields on 5-folds. Declare a 2-plane field Π on a 5-manifold M to be nondegenerate if as a sheaf of vector fields Π ′ = Π + [Π, Π] is a 3-plane field, and Π ′′ = T M. The group G 2 has root lattice drawn in figure 6 , with the roots of a parabolic subgroup P 1 drawn as dots. From the root lattice, one sees that the two crosses closest to the center of the diagram (i.e. to the Cartan subalgebra) span a 2-plane field in the tangent bundle of G 2 /P 1 , which is a P 1 -invariant subspace, and therefore a G 2 -invariant 2-plane field.
It is well known (see [21, 112, 113] ) that a nondegenerate 2-plane field on a 5-dimensional manifold determines and is determined by a torsion-free parabolic geometry modelled on G 2 /P 1 . Remark 41. These are the first global theorems on nondegenerate 2-plane fields.
Summary
We have found that rationality of certain circles enables us to expand the structure group of a parabolic geometry, into a natural structure group. This applies to ordinary differential equations of second and third order, to pick out some very special equations (including those of mathematical physics) whose solutions close up to become rational curves. We have an explicit mechanism for testing rationality of solutions of ordinary differential equations, and of circles of arbitrary parabolic geometries.
Characteristic class obstructions to Cartan geometries follow from arguments like those of Gunning [64] , Kobayashi [80] , and Jahnke and Radloff [74, 72] . I will pursue this line of inquiry in a subsequent paper.
One motivation for studying parabolic geometries on complex manifolds is the hope that varieties of minimal rational tangents on various Fano manifolds will determine parabolic geometries. Our results would then show that these Fano manifolds are smooth bundles of rational homogeneous varieties. LeBrun's conjecture (see [5, 118] ) that smooth projective varieties with contact structure are rational homogeneous varieties suggests the following. Conjecture 1. All results proven in this paper for smooth projective varieties hold equally for closed complex manifolds.
One could weaken this conjecture to closed Kähler manifolds instead of closed complex manifolds.
Conjecture 2. Torsion-free parabolic geometries on closed complex manifolds drop to torsion-free parabolic geometries modelled on products of cominiscule varieties and can be deformed into flat parabolic geometries.
One could try to weaken this conjecture to closed Kähler manifolds, or to smooth projective varieties, instead of closed complex manifolds.
Rather than developing rational curves, we could develop complex affine lines, giving Nevanlinna theory of complex parabolic geometries, to see when they might admit a "large family" of complex lines, without admitting rational curves. Similarly, we could develop complex disks, giving various Kobayashi pseudometrics.
